Abstract. We present some variants of the Kaplansky condition for a KHermite ring R to be an elementary divisor ring. For example, a commutative K-Hermite ring R is an EDR iff for any elements x, y, z ∈ R such that (x, y) = R there exists an element λ ∈ R such that x + λy = uv, where (u, z)
Introduction
First we recall some basic definitions and known results. All rings here are commutative with unity. A ring R is Bézout if each finitely generated ideal of R is principal.
Two rectangular matrices A and B in M m,n (R) are equivalent if there exist invertible matrices P ∈ M m,m (R) and Q ∈ M n,n (R) such that B = P AQ.
The ring R is K-Hermite if every rectangular matrix A over R is equivalent to an upper or a lower triangular matrix (following [9, Appendix to §4] we use the term 'K-Hermite' rather than 'Hermite' as in [8] ). From [8] it follows that this definition is equivalent to the definition given there. See also [5, Theorem 3] : by this theorem, a ring is K-Hermite iff for every two elements a, b ∈ R, there are elements a 1 , b 1 , d ∈ R such that (a, b) = (a 1 d + b 1 d) and (a 1 , b 1 ) = R. Parentheses are used to denote the ideal generated by the specified elements.
A ring R is an elementary divisor ring (EDR) iff every rectangular matrix A over R is equivalent to a diagonal matrix. It follows from [8] that this definition is equivalent to the definition given there.
An EDR is K-Hermite, and a K-Hermite ring is Bézout. An integral domain is Bézout iff it is K-Hermite.
By [5, Theorem 6 ] a ring R is an EDR iff it satisfies the following two conditions: 
For any three elements a, b, c in R that generate the ideal R, (K)
there exist elements p, q ∈ R so that (pa, pb + qc) = R. Remark 2.1. A local ring R is of stable range 1; thus R satisfies Kaplansky's condition with p = 1. If R is also a Noetherian domain, then R is K-Hermite iff R is a principal ideal ring. Hence a Noetherian local domain that is not a principal ideal ring is of stable range 1 but is not K-Hermite.
In the proof of Lemma 2.3 below, we will use the following well-known fact:
Remark 2.2. Let R be a ring, let A be a matrix in M m,n (R), let r be a row in M 1,n (R), and let 1 ≤ k ≤ n. Then r belongs to the submodule of R n generated by the rows of the matrix A iff there exists a matrix C ∈ M k,m (R) such that r is the first row of the matrix CA. Lemma 2.3. Let A be a 2 × 2-matrix over a ring R, and let u be a unimodular row of length 2 over R. Then u belongs to the submodule of R 2 generated by the rows of A ⇐⇒ there exists an invertible matrix P so that u is the first row of P A.
Proof. ( =⇒ ) : By Remark 2.2, there exists a 2-row r over R so that u = rA. Since the row u is unimodular, the row r is also unimodular. Since r is unimodular of length 2, there exists an invertible matrix P with its first row equal to r. Thus u is the first row of the matrix P A.
( p 1 b + q 1 c) = (p 1 , q 1 c) = R,   so (p 1 a, p 1 b + q 1 c) = (p 1 , c) = R. Condition (2) holds with p and q replaced by p 1 and q 1 , respectively.
In the proof of Proposition 2.7, we used the assumption that R is K-Hermite just for the implication (3) =⇒ (2).
Remark 2.8. If R is a Bézout domain, then the following condition is equivalent to the conditions of Proposition 2.7:
( * ) For some elements λ, a 1 , c 1 ∈ R we have
Indeed, assume condition ( * ). Let u ∈ R so that where (b 1 , c 1 ) = R. We apply condition (2) of the present proposition to the elements
Thus there are elements λ 1 bz(1 − z) ).
(2) =⇒ (1) : Let x 0 and y 0 be comaximal elements in R, and let z ∈ R. Thus (x 0 +λy 0 ) | y 0 (1−az)(1−b(1−z)) for some elements λ, a, b ∈ R. Since the elements x 0 + λy 0 and y 0 are comaximal, we obtain that (x 0 + λy 0 ) | (1 − az)(1 − b(1 − z) ), so R is an EDR by Remark 2.8. As we have seen in §2, the stable range 1 property implies Kaplansky's condition for an arbitrary ring. The converse is false since even if R is an elementary divisor domain so that R satisfies Kaplansky's condition, R does not necessarily have almost stable range 1. We conjecture that a Bézout domain that is a pullback of type (as defined in [7] ) of elementary divisor domains is again an EDR. In this case the conditions of [7, Theorem 1.9] must be satisfied. If this conjecture proves to be false, this will yield a negative answer to the question in [6] as to whether a Bézout domain is an EDR.
